Non-degeneracy of the discriminant 



Evelia R. Garcia Barroso, Janusz Gwozdziewicz and Andrzej Lenarcik 

November 13, 2012 

To Professor Arkadiusz Ploski on his 65 th birthday 
Abstract 

Let (■£,/): (C 2 ,0) — > (C 2 ,0) be the germ of a holomorphic mapping such 
that I — is a smooth curve which is not a branch of the singular curve 
f — 0. The direct image of the critical locus of this mapping is called the 
discriminant curve. In this paper we study the pairs (£, f) for which the 
discriminant curve is non-degenerate in the Kouchnirenko sense. 

1 Introduction 

Let (£, /): (C 2 ,0) — > (C 2 ,0) be a holomorphic mapping given by u = £(x,y), 
v = f(x, y), where £ — is a smooth curve which is not a branch of the singular 
curve / = 0. To any such morphism we can associate two analytic curves: 
the polar curve ^ ^ — |^ = and its direct image T>(u, v) ~ which is 
called the discriminant curve of the morphism {£, f) (see [Tel] . [Caj b A series 
T>(u,v), defined up to multiplication by an invertible power series, is called 
the discriminant. In [Telj and |Te3j Teissier introduced the jacobian Newton 
diagram, which is the Newton diagram of T>(u, v) . The jacobian Newton diagram 
depends only on the topological type of (£, f) (see [Telj for the case where £ is 
generic, Merle |Mej and Ephraim |Eph| for one branch and [Gwolj . |Le2j and 
|Mij for general case) . Decompositions of the polar curve can be found in the 
literature (see [Me], |Eph| , |Eg| , |GBj ) . In the spirit of Eggers |Eg| we propose 
a factorization of the discriminant T>(u, v). The Newton diagram of every factor 
has only one compact edge. We specify formulas for the weighted initial forms 
of these factors. Using this description we study the pairs (£, f) for which the 
discriminant is non-degenerate, in the Kouchnirenko sense [Kou] . answering a 
question of Patrick Popescu-Pampu. 

For the irreducible case we prove in Section [4j 
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Theorem 1.1 Let f = be a branch. Then the discriminant of {£, f) is non- 
degenerate if and only if there are no lattice points inside the compact edges of 
its Newton diagram. 

Corollary 1.2 Let f = be a branch. Then the non- degeneracy of the dis- 
criminant of (£, f) depends only on the topological type of (£, f). 

Theorem |1.1| is not true for reducible curves. In Examples |2.7| and |2.8| we 

construct two equisingular (that is having the same embedded topological type) 
curves /i = and f% = such that the jacobian Newton diagrams of morphisms 
(x, f\) and (x, / 2 ) have only one compact edge joining points (0,4) and (40, 0). 
This edge has three lattice point inside. Nevertheless the discriminant of (x, /i) 
is degenerate while that of (x, f^) is non-degenerate. 

The structure of the paper is as follows: in Section [2] we start by recalling the 
notion of non-degeneracy. Then, after a change of coordinates, we may assume 
that the morphism that we consider has the form (x, /). We describe the dis- 
criminant by using Newton-Puiseux roots of the y-partial derivative of f(x,y). 
For that the Lemma of Kuo-Lu plays an important role. Using the results of 
this section we construct examples of curves with many smooth branches, which 
determine non-degenerate discriminants. 

In Section [3] we propose an analytical factorization of T>(u,v). In Proposition 
|3.8| we compute the initial Newton polynomial of every factor and express it as a 
product of rational powers of quasi-homogeneous polynomials. Then in Section 
[4] we apply this formula to irreducible power series f(x,y) and we characterize in 
Corollary |4.4| the equisingularity classes of branches for which the discriminant 
of (x, /) is non-degenerate. 



In Section [5] we return to the general case. Taking up again Proposition 



we give, in Proposition |5.5[ a polynomial factorization of the initial Newton 

we 



polynomials of the factors of T>(u,v). As a consequence, in Theorem 5.6 
obtain a criterion for non-degeneracy of the factors of the discriminant. We finish 
this section with another example of curves with as many singular braches as 
we wish, which determine non-degenerate discriminants. 

In the last section we analyze what impact on the discriminant has a modifica- 



tion of £ or / in the morphism (£, /). Theorem 6.2 shows that non-degeneracy 
of the discriminant of the morphism (£, f) is independent of the choice of the 
representative of the curve / = 0. Theorem |6.6| shows that if / = is unitangent 
and £ = is transverse to / = 0, the non-degeneracy of the discriminant of the 
morphism (£, f) depends only on the curve / = 0. The assumption that / = 
has only one tangent cannot be omitted as it is shown in Example |6.7| 



2 Preliminaries 

We start this section recalling the notion of non-degeneracy. Then we reduce 
our study to the morphisms of the form (x,f). We describe the discriminant 
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by using Newton-Puiseux roots of -gt(x,y). The Lemma of Kuo-Lu plays an 
important role. 

2.1 Non-degeneracy after Kouchnirenko 

Set R + = {x G R : x > 0}. Let f(x,y) = a-id x V G C{x, y}\{0}. The 
Newton diagram of / is 

A/ := Convex Hull ({ (i, j) : a, j 7^ } + R+) . 

The Newton diagram of a product is the Minkowski sum of the Newton diagrams 
of the factors. That is Ay g — Ay + A g , where Ay + A g = {a + b : a £ 
Ay, b G Ag }. In particular if / and g differ by an invertible factor u G C{x, y}, 
u(0,0) 7^ then Ay = A g . 

The initial Newton polynomial of f(x,y) = . aijX l y J , denoted by in/v/, is 
the sum of all terms aijX l y J such that belongs to a compact edge of Ay. 

Following Teissier |Te2j we introduce elementary Newton diagrams. For m, n > 
we put {$t} = A xn+y m. We put also {m} = A x r. and {^} = A a ™. By 
definition the inclination of {jj} is L/M with the conventions that L/oo = 
and 00 /Af = +00. 

Let 5 be a compact edge of Ay of inclination p/q, where p and q are coprime 
integers. The initial part of f(x, y) with respect to S is the quasi-homogeneous 
polynomial fs(x,y) = ^2a.ijX l y^ where the sum runs over all lattice points 
(i, j) G S. Observe that if Ay is an elementary Newton diagram then the initial 
part of f{x, y) with respect to the only compact edge of Ay coincides with the 
initial Newton polynomial of f(x,y). 

Decomposing /s(x, y) into irreducible factors in C[a;,y] we get 

r 

f s {x,y) = cx k y l X{(y q -a^Y % (1) 

»=i 

where k and I are non- negative integers, c and a,i are nonzero complex numbers 
and ai aj for i =/= j. 

The series fix, y) is non- degenerate on the compact edge S of Ay if in S{ — 1 
for all i G {1, . . . , r}. In particular / is non-degenerate on the compact edge S if 
there are no lattice points inside S. The converse is not true as (y — x){y — 2x) 
shows. The series /(x, y) is non-degenerate if it is non-degenerate on every 
compact edge of its Newton diagram (see |Kouj ) . 

2.2 Newton— Puiseux roots 

Let C{x}* be the ring of Puiseux series in x, that is the set of series of the form 
a(x) =a lX Nl/D +a 2 x N2/D + ■■■, a.eC, 
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where Ni < N2 < . . . are non-negative integers and a\t Nl + a,2t N2 + ■ ■ ■ has 
a positive radius of convergence. In this paper + • • • means plus higher order 
terms. If a\ ^ then the order of a(x) is orders) = N\/D. By convention 
the order of the zero series is +00. For any Puiseux series a(x), 7(2) we denote 
by 0(a, 7) = ord (a(x) — 7(2)) and call this number the contact order between 
a(x) and 7(2). If Z C C{x}* is a finite set then the contact between a £ C{x}* 
and Z is cont(a, Z) = max 7£ z 0(a, 7). 

By a fractional power series we mean a Puiseux series of positive order. 

Let g(x,y) £ C{x,y} be a convergent power series. A fractional power series 
7(2) is called a Newton-Puiseux root of g{x,y) if 3(2,7(2)) = in C{2}*. We 
denote by Zerg the set of all Newton-Puiseux roots of g(x,y). 

If g = g^ 1 ■ ■ ■ g^ r where the gi are irreducible and pairwise coprime elements of 
C{x,y}, then the curves gi — are called the branches of g = 0. We say that 
g = is reduced if a± = ■ ■ ■ = a r = 1. 

2.3 The Lemma of Kuo-Lu 

Consider the morphism (t, f) as in Introduction. An analytic change of coordi- 
nates does not affect the discriminant curve (see for example |Ca| . Section 3). 
Hence in what follows we assume that £(x, y) = 2. Then ^ = is the polar 
curve of [x, /). 

The Newton-Puiseux factorizations of f(x,y) and ^f-(x, y) are of the form 

p 

f(x,y) = u(x,y)[[[y- a>i(x)], (2) 
j=i 

— (x,y)=u(x,y)[[[y-j j (x)}, (3) 
y j=i 

where w(2, y), u(2, j/) are units in C{2, y} and 0^(2), 7^(2) are fractional power 
series. 

The following lemma, which is a part of Lemma 3.3 in |Kuo-Lu] (for the trans- 
verse case; see |Gwo2j . Corollary 3.5 and |Gwo-P2j . Proposition 2.2 for the 
general case), describes the contacts between Newton-Puiseux roots of f(x,y) 
and || (x, y). 

Lemma 2.1 For every jj £ Zer there exist ctk,cti £ Zer/, k 7^ / such that 
0(a k ,lj) = 0(ai,jj) = 0(a k ,ai) = max 0(^,7,-). 

i— 1 

In what follows we recall the tree model introduced in [Ku o-Lu] which encodes 
the contact orders between Newton-Puiseux roots of f(x,y). 
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Definition 2.2 Let a € C{a:}* and let h be a positive rational number. The 
pseudo-ball B(a,h) is the set B{a 1 h) = {76 C{a;}* : 0(7, a) > h}. We call 
h(B) := h the height of B := B(a,h). 

Note that h(B) is well-defined since h(B) = inf{0(7, /3) : 7,/? € B}. 
Consider the following set of pseudo-balls 

T(f) := {B(a,0(a,a')) : a, a' € Zer /, a ^ a'}. 

The elements of T(f) can be identified with bars of the tree model of / defined in 
|Kuo-Luj (for a sh ort presentation see also Section 8 of |I-Koi-Kuo] ) . It follows 
from Lemma 



2.1 



that for every 7 g Zer |^ there exists exactly one B G 
such that 7 £ W and M-B) = cont(7, Zer /). Following [Kuo-Paj we say that 7 
leaves T(f) at £?. 

Take a pseudo-ball J3 € T(f) . Every 7 € B has the form 

7(a;) = A B ( a ;) + c 7a ;' l ^ + --- I (4) 

where Xb(x) is obtained from an arbitrary a(x) £ B by omitting all the terms 
of order bigger than or equal to h{B). 

We call the complex number c 7 the leading coefficient of 7 with respect to B 
and we denote it by lcs(7). Remark that c 7 can be zero. 

We need next two Lemmas from |Gwo2j (see also |L-M-Pj and [Lei] . Corollary 
3.7 and Proposition 3.6). 



Lemma 2.3 QGwo2], Lemma 3.3) Let B € T(f). There exist a polynomial 
Fb{ z ) S depending on f, and a rational number q(B) such that for every 

7(x) = X B (x) + c^x h< - B ^ + ■■■ 

f(x ll (x)) = F B (c 7 )x^ + --- . (5) 

Moreover 

Fb{z) = C H (z-lc B ( ai )), (6) 

t:a,£B 

where C is a nonzero constant. 

Lemma 2.4 ( |Gwo2j . Lemma 3.4) Let B E T(f). Then 

±F B {z) = C> J] (*-lc B ( 7i )), 
j-.jjeB 

where C is a nonzero constant. 



Lemmas 2.3 and 2.4 also hold for power series f(x,y) with multiple factors. 

Using the above lemmas we characterize the Newton-Puiseux roots of (x, y) 
leaving T(f) at a fixed B. 
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Lemma 2.5 Let B G T(f) and 7 G -B. Then 7 leaves T(f) at B if and only if 
Fb(1c b ( 7 ))^0. 

Proof. For 7 £ B the inequality F B (105(7)) 7^ is equivalent to 105(7) 7^ 
lcB(«j) for all CKj € -B, and this is equivalent to cont(7, Zer/) = h(B). m 

Given B, B' G T(f), we say that £?' is a direct successor of -B in T(/) if B D B' 
and there are no B" G T(/) (different from B and S') such that B D B" D B'. 
The next lemma follows from Theorem C in |Kuo-Lu] . For convenience of the 
reader we present a proof: 

Lemma 2.6 Let B,B' G T(f). Suppose that B' is a direct successor of B in 
T(f). Then q(B') - q{B) = %(B' n Zer f)[h(B') - h(B)}, where the symbol 
stands for the number of elements of a set. If B G T(/) is the pseudo-ball of 
the minimal height then q(B) — |J(Zer f)h(B). 

Proof. Let 8(x) = \ B (x)+cx h ^ where F B (c) ^ and 8'(x) = \ B ,(x)+c'x h ( B "> 
where F B '(c') ^ 0. Then following (2]) and Lemma [23] 

g(B)=ord/(a:,*(a;))= £ 0(*,a) (7) 

aGZcr/ 

and 

g(fl')=ord/(x s <y'(x))= 2 0(£',a). (8) 

aGZcr/ 

We have 0(6, a) = h(B), 0(6', a) = h(B') for a £ Zer f n S'. Using the strong 
triangle inequality property of the contact order one checks that 0(6, a) = 
0(6', a) for a G Zer f\B' . Substracting Q from ([8]) we get the first statement 
of the lemma. The second statement of the lemma is a consequence of Q . ■ 

Following Lemma 5.4 in [GB-Gwo] the discriminant of the morphism (x,f) can 
be written as 

p-i 

V(u,v) = l[(v-f(u, lj (u))). (9) 

j'=i 

Example 2.7 Let h(x,y) = (y - x 2 - x 3 )(y - x 2 + x 3 )(y + x 2 - x 3 )(y + x 2 +x 3 ) 
and let fi(x,y) = x w + J Q y h(x,t) dt = 0. Since g^(x,y) = h(x,y), we get 

by |9| \nj^T)(u,v) = (y — y|u 10 ) 2 (i> — ^u 10 ) 2 . Thus the discriminant of (x,f\) 
is degenerate. One can also show that it remains degenerate after any analytical 
change of coordinates. 

Example 2.8 Let fa(x,y) — y 5 +x 8 y + x 10 . As f-i(x,y) is a quasi-homogeneous 
polynomial, all its Newton-Puiseux roots are monomials of the same order. The 
same applies to The tree model T(f%) has only one pseudo-ball B of the 
height 2. We have F B (z) — f 2(^-1 z) — z 5 + z + l. All critical values Wj — F B (zj), 
where z \ , . . . , Z4 are critical points of F B (z), are pairwise different. By ([9| and 
Lemma 



2.4 



we get V(u,v) = ]\ 1=l (v - f 2 (u, z 3 u 2 ))) = Yl j=1 (v - WjU 10 ). Hence 



the discriminant of (x,f2) is non-degenerate. 
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The curves fi(x,y) = and f%(x,y) = are equisingular. Nevertheless the 
discriminant of (x,fi) is degenerate while the discriminant of (x, fy) is non- 
degenerate 

Example 2.9 Let f(x,y) — Yli=i(y ~ a i( x )) where a\{x) = x + a; 3 , ot2(x) = 
x — x 3 , 0:3(2;) = — x + x 4 and a^(x) = —x~x 4 . The curve / = has four smooth 
branches. 



The tree model T(/) is given in the picture below. Following |Kuo-Lu] we draw 
pseudo-balls of finite height as horizontal bars. The tree T(f) has three bars: 
B\ of height 1, B 2 of height 3 and B3 of height 4. 



Oil 



oil 
-B 2 



03 



0:4 
B, 



In order to compute the polynomial Fb{z) for B £ T(f) it is enough to find the 
lowest order term of f(x, Xb(x) + zx hlyB ^). 

Since \ Bl ( x ) = and K B i) = 1, we get f(x,\ Bl ( x ) + zx h( - Bl ^) 
(z- l) 2 {z + l) 2 x A + 

Similarly f(x, X B2 (x) + zx h{B ^) = f(x, x + zx 3 ) = 4(z - l)(z + l)x 8 + 



f(x,zx) 



and 



f(x, Xb 3 (x) 
Hence 



zx 



h(B 3 ) 



) = f(x, -x + zx 4 ) = A{z - l)(z + l)a; 10 + 



Fb 2 (z) 



(z-l) 2 (z + l) 2 , 
4(z-l)(z + l), 
4(z-l)(z + l), 



q{B 2 ) 
q(B 3 ) 



10. 



Each of the above polynomials has exactly two roots. Thus for every i € {1, 2, 3} 
there exists a unique critical point Zi, F' B {zi) — such that the critical value 
w i = F Bi (zi) is nonzero. It follows from Lemmas 2.4 and 2J3 that Zi ~ lc Bi ji for 



some 7, € Zer ^ which leaves T(f) at B{. By Lemma 



WiX 



q(Bi) 



2.3 



we have f(x,ji(x)) 



+ 



In view of equality ^ the initial Newton polynomial of the 



discriminant T>(u,v) is the initial Newton polynomial of Ili=i( w 



MB t 



)• 



Since this polynomial does not have multiple factors, the discriminant T>(u, v) 
is non-degenerate. 



What matters in Example 2.9 is that different B £ T(f) have different q(B) and 
also that T(f) is a binary tree, hence for every B 6 T(f) the polynomial F B (z) 
has exactly two roots and consequently there exists exactly one 7 € Zer ^ 
which leaves T(f) at B. We use this idea in the next example. 



7 



Example 2.10 Let g(x,y) be a power series which tree model T{g) is pre- 
sented in the figure below. The numbers attached to the bars are the heights of 
corresponding pseudo-balls. Applying Lemma 2.6 one can check that {q(B) : 
B G T(g)} = {8,16,20,36,38,42,44}. By the same argument as before the 
discriminant of the morphism (x, g) is non-degenerate. 
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The curve g — from the above example decomposes into eight smooth branches. 
Following the idea of Example |2.10| one can construct new examples of multi- 
branched curves, with more levels in their tree models, whose discriminants are 
non-degenerate. 



3 Factorization of the discriminant 

Assume that all the Newton-Puiseux roots of f(x,y) and ^(x,y) belong to 

C{x x / D } for some positive integer D. We define the action of the multiplicative 
group XJd = {ffeC : 6 D = 1} of D-th complex roots of unity on C{x 1 ^ D }. 

Take 9 £\J D and <p G Cix 1 ' } of the form <j)(x) = a lX Nl / D + a 2 x N ^ D + ■■■, 
where < N x < N 2 < ■ ■ ■. By definition 8*<f>(x) = a^x^/ + a 2 9 N ^x N ^ D + 
■ ■ ■. Following [Kuo-Pa] we call the series 6 * </> conjugate to <p. 

It is well-known (see for example |Walkj ) that if g(x,y) is an irreducible power 
series such that Zer g C C{x 1/,£) } then the conjugate action of permutes 
transitively the Newton-Puiseux roots of g(x,y). The conjugate action of Ud 
also preserves the contact order, i.e. 0(</>, ip) — 0(6*<fi, 6*ip) for <f>,if)G Cja; 1 / } 
and 9 <eUd- 

The index of a fractional power series (3(x) is the smallest positive integer N 
such that P{x) G C{x 1 / N }. Following [Walk] we get: 

Property 3.1 Let /3(x) G C{x 1 ^ D ^ be a fractional power series. Then the 
following conditions are equivalent: 

1. The index of 0(x) equals N. 

2. The set {9 * j3(x) : 8 D = 1} has N elements. 

3. If g{x,y) is an irreducible power series such that g(x,0(x)) — then 
ord p(0, y) — N . 

The action of 15 d on Zer / induces an action of this group on T(f) as follows. 
Let B = B(a k ,0(ak, a/)) and let 9 G Up. Set 6 * B = B(9 * a k , 0(ctk, ai)). 
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The properties of the conjugate action imply that 9 * B is an element of T(f) 
and 9 * B = B(9 * Xb, h(B)). Hence the definition of 9 * B does not depend on 
the choice of ojfc G B n Zer /. 



Proposition 3.2 Let B G T(f), 9 G U D and B' = 9 * B. Then q{B) = q(B') 
and 9^ D F B {z) = F B ,(9 h ^ D z). 

Proof. Acting by 9 on the equation /(x,Xb(x) + cx 11 ^) = FB(c)x q ^ 



we get f(x, X B '(x) + c9 h( - B ~> D x h ^) = F B {c)9 q ^ D x q( - B) + ■■■ .By Lemma [2^3 
f(x,X B '(x) + c9 h( - B ^ D x h( - B '>) = F B >(c6 h{B)D )x q ^ + ■■■ . Since c is arbitrary, 
equating the right hand sides of the formulas above gives the proof. ■ 

For every B G T(f) we denote by B the orbit Ud * B and by E(f) the set of 
all orbits in T(f). 

Fix B G T(f). Let T>b(u, v) = Y\j{v — f(u, 7j(it))) where the product runs over 
all j such that 7, leaves T(f) at B. Set T>-g(u,v) — Y\ B , e gT> B i(u,v). Then 
T>£j(u,v) is a polynomial in u with coefficients in C{v}/ D }. Furthermore we 
have: 

Lemma 3.3 Vg(u,v) G C{it}[u]. 

Proof. It is enough to verify that for every complex nu mber vq the index of 
£>;g-(ii, vq) G C{v}/ D } is 1, which is equivalent, by Property 
of Uj) on this Puiseux series is trivial. 



3.1 



that the action 



Take 9 G V D and B' G B. We have 9 * V B ,(u, v Q ) = Uj( v o - f(u, 9 * 7,- (it))), 
where j runs over jj leaving T(f) at B' and T>g* B ' (u, vq) = JT ■ (t>o — f(u, jj (it))), 
where j runs over 7^ leaving T(f) at 9 * B' . 

Since 7 G Zer ^ leaves T(f) at B' if and only if * 7 leaves T(/) at * B', 
we get * T>b'{u,vq) — T>q*b'(u,Vo). As a consequence * 2>§-(ii, Uo) = * 

lls'GS^B'K^o) = IlB'eB^'B'K^) = 2?b(",^o)- ■ 

We conclude that riseBf/) v ) ^ s an analytical factorization (not neces- 

sarily into irreducible factors) of the discriminant. 



By Proposition 3.2 every factor V^(u,v) has an elementary Newton diagram 
of inclination q(B). Observe that if T>^(u, v) is degenerate then T>(u, v) is also 
degenerate. The aim of this section is to compute the initial Newton polynomial 
of T>£j(u, v) . For this we need the next auxiliary results: 

Lemma 3.4 Let A, B be positive integers. Then 



IK 



9A = 



Z - 9 B a) = z A/ S cd(A,B) _ a A/gcd(A,B) 



gcd(A,B) 
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Proof. Set C = gcd{A,B) and A 1 = A/C, B 1 = B/C. Then 



n {*-*»*) = n (*-(o ai «)= n 



(z - uj Bl a) 



e A =i 



n (--- Bi «) =( 



- (z A ' - a A ' 



where the last equality holds since the numbers ui Bl a for ui Al = 1 are all Aj-th 
complex roots of a Al . m 

Lemma 3.5 Let G be a finite group and A be a finite set. Assume that G acts 
on A transitively, that is A = Gao for some oo e A. Let P be a complex valued 
function on A. Set Gq := {g € G : ga^ = a Q }. Then 

2. I\ geG P(gao)=n a eA(P(a))* a °- 

Proof. The first statement is the orbit-stabilizer theorem. 

To prove the second statement consider the function h : G — > A given by 

h(g) - ga Q . Then EUg^o) = UaeA H geh -H*) P (%)) = U. a eA P (^ Go ■ 
The last equality holds since the fibers of the function h are the left-cosets of 
G in G. m 



Now our aim is to give a formula for Fb{z) from Lemma 2.3 



Fix a pseudo-ball B of T(f). Let / = fi ■ ■ ■ f r be the decomposition of / 
into irreducible factors. Assume that Zer/j flB / I for j 6 {l,...,s} and 
Zer fj PI B = for j € {s + 1, . . . , r}. Note that s > 1 and perhaps s — r. For 
every j 6 {1, . . . , s} choose a Newton-Puiseux root of y) of the form 

\ B (x)+ Cj x h W + .... (io) 

Let TV be the index of As and write h(B) = with m, n coprime. 

Formula 3.6 Keeping the above notations we have 

* ord/-(0,y) 

F fl (z)=cn(^-c7)-*— 

where C is a nonzero constant. 

Proof. Fix j £ {1, . . . , s} and a Newton-Puiseux root a(x) of fj(x, y) of the 
form (10). Since fj(x,y) is irreducible, the orbit Ud * a is the set Zer fj. By 
Lemma 3.5 the stabilizer Go of a(x) has D/(jjZer/ 3 -) = D/oidfj(0,y) elements. 
Since every subgroup of a finite cyclic group is determined by the number of its 
elements, G = U£>/ oxd f^o.y). 
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Let us observe that 9 * a belongs to B if and only if 9 * Xb = Xb- By a similar 
argument as before, the stabilizer G\ of As is the subgroup Ud/n of Ud. It 



follows that Zer fjf\B = G\* a. By (ii) of Lemma 3.5 we get 



J] (z-lc B (d*a)) = 11 (z-Icb^)) '^ '"'- (11) 
On the other hand, following Lemma |3.4| we have 

IJ(z-lc B (0*a))= II ( z - c 3 9 h ^ D ) = (z n - c])°/ nN . (12) 

Comparing {n} and g we get EUeZer/.oB^-^K)) = (z"-c") OTd ^°^/ nAr . 

S S 

Finally F B {z) = Cj{ J] (z - lc B (a*)) = C JJ(z n - c£)«d/i(o,i/)/»* . 

J = la i eZcr/ J nS j = l 

From now on up to the end of this section wc fix B 6 T(/) and put <?(5) = jj- 
with L, M coprime. 

Let £F B {z) = C'(z - zi) ■ ■ ■ (z - zi). Set w t = F{z t ) for 1 < i < I and let 
I := {i E {1, . . . ,1} : Wi ^ 0}. Keeping this notation we have: 

Lemma 3.7 The initial Newton polynomial o/2? B (u, v) is 



in^-2? B (u,w) = Y[{ v 



iei 



Proof. By Lemma [2.3| the initial Newton polynomial of T>b{u,v) is equal to 
Ylj (v — FB{\cBlj)u q[ - ts ^) where the product runs over j such that jj leaves 
T(f) at B. It follows from Lemmas 2.4 and 2.5 that the above product equals 



Proposition 3.8 Let f(x,y) — be a reduced complex plane curve. Take a 



pseudo-ball B of T(f) such that q(B) 
index of Xb- Then 



A I 



M 



with L, M coprime. Let N be the 



wfu L 



N/M 



(13) 



Proof. Recall that B is the orbit of B under the * action of the group U^). 
Since 9 * B = B if and only ii 9 * Xb = Xb, the stabilizer of B is the subgroup 
U, 



>D/N 



(see the proof of Proposition 3.2 ) 



We claim that under the assumptions of Lemma 13. 7| one has iny\/2?0 +B (it, v) — 
Y[i£i( v ~ Wi9 q ( B * >D u q ( B ^). Indeed, by Proposition 3.2 the critical values of Fq*b 



are the critical values of Fb times 9 q ^ D , which proves the claim 
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By (ii) of Lemma 3.5 we have 



H mxV e * B (u,v)= H m M V B ,{u,v) D ' N = m M Vg{u,v) D ' N . 
9eu D B'eB 



On the other hand, by the claim and Lemma |3.4| we have 

IJ m^V e Mu,v)= J] \{(y~wM B)D u^)=\{{v M -wru L ) D,M . 
9eu D e D =nei iei 

Comparing the above equalities we get the proposition. ■ 

4 The irreducible case 

We assume in this section that f(x,y) € C{x,y} is irreducible. Let p := 
ord y /(0,y) > 1 and Zer/ = {cti{x)} p i=1 . The contacts {0(a i: aj)}i^j, called 
the characteristic exponents of f(x,y), form a finite set of rational numbers 

j — | , where b\ < ... < b h . Set b Q = p. The sequence (b a , bi, . . . , b h ) is 

I " J k— 1 

named Puiseux characteristic. Since f(x,y) is irreducible, its Newton-Puiseux 
roots are conjugate and all the pseudo-balls with the same height belong to the 
same conjugate class in E(f). Write E(f) = {Bi, . . . , B h ], where h(B k ) = ^ 



for fc G {1, . . . , h}. By Lemma 2.6 q(B{) < q(B 2 ) < ■ ■ ■ < q{B h ). The discrimi- 



nant V(u, v) is the product Ilfc=i ( u > v ) 

We now char acterize the factors appearing in this product. Let B e T(f). By 
Formula 



3.6 



we have F B {z) = C{z n - c 11 )^ . This polynomial has only one 
nonzero critical value w = F B (0) of multiplicity n — 1. By Proposition 3.8 we 

have m N Vg(u,v) = (v M ~ w M u L ) (n ~ 1)N/M , where q(B) = jfc, gcd(i,M) = 1 
and N is the index of X B ■ We stress that in the next corollary we only use the 
fact that in_/\/2?;g(w, v) is a power of a quasi-homogeneous irreducible polynomial. 

Corollary 4.1 The power series T>^ (u, v) is non-degenerate if and only if there 
are no lattice points inside the only compact edge of its Newton diagram. 

Theorem [Ll] is a consequence of Corollary |4.1| since the Newton diagram of 
T>(u, v) is the sum of the elementary Newton diagrams of 2>g\ (it, v). 



According to Merle [Mej and Ephraim |Eph| the semigroup T (see for example 
|Za| in the transversal case and Gw o-Le-P] in the general case) of f(x, y) = 
admits the minimal sequence of generators bo :— ord /(0, y), b\ < ... < bh and 
the Newton diagram of the discriminant D(u,v) is 

Y { K ~ lWk ] (14) 
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where n k := scd(b /i- fel --^- N 1 ) = g^o,...,^ i) d b converi tion n = 1. The 



inclinations of the edges of the Newton diagram ( 14 1 are q(Bi), . . . , q(B} l ). They 
are called polar invariants of the pair (x, /). 

Since the Newton diagram of a product is the sum of the Newton diagrams 
of its factors and the sequence (q(Bk)) is increasing, the Newton diagram of 
T>g k (u,v) is the fc-th term of (14 1. 



Corollary 4.2 The power series T>g (u,v) is non- degenerate if and only if 
(nu - 1) gcd(& fc , n x ■ ■ ■ Uk-i) = 1. 

Proof. Since the Newton diagram of V-g (u.v) is / ( Ttfc ^)^k 1 ^ e 

6 BfcV ' ' \nx---n k - x {n k -l)) 

statement follows from Corollary |4.1| ■ 



Remark 4.3 Note that if for k > 1 the polar invariant q(Bk) is an integer then 
— — — ^ has lattice points inside its compact edge and T>(u,v) is 



ni ■ ■ -n k ^i{n k - l\ 
degenerate. 

Observe that a necessary condition for V{u, v) to be non-degenerate is ni — 
ri2 = • ■ ■ = rih = 2, where h is the number of characteristic exponents of / = 0. 

Corollary 4.4 Let f(x,y) — be a branch with h characteristic exponents. We 
have 

1. If h = 1 then the discriminant T>(u,v) is non- degenerate if and only if 
ord/(0,y) = 2. 

2. If h = 2 then the discriminant T>(u, v) is non- degenerate if and only if 
ord/(0,y)=4. 

3. If h > 2 then T>(u,v) is degenerate. 

5 The general case 

In this section we specify the polynomial factorization of in/\/2>g(zi, v). We start 
with three technical lemmas. Their sole purpose is to show that the factors 



of (17 1 and (181 in Proposition 5.5 are polynomials 



Lemma 5.1 Let H(t) be a complex polynomial of the form 

n 

H(t)^Y[(t~d^, (15) 
j'=l 

where the aj are positive integers and dj ^ for j — 1, .. . ,n. Then for some 
d\,..., d n the polynomial H(t) has n — 1 pairwise different nonzero critical 
values, and all of them differ from H(0). 
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Proof. Let f(x, y) = YYj=i(v + x^) aj . Then Zer / = {— x, . . . , — x n }. For every 
i € {1, ...,n — 1} consider = 5(0, i) € Substituting y = ex* into 

/(&, y) we get f(x, cx l ) = c bi (c + X) ai x q ^ Bi ' + • • • , where &j = Oj and 

l( B i) = J2]=iJ a j + YT ]= i+i ia 3- Hence Fb^z) = z 6< (z + l) Qi and q(B l+1 ) - 
q{Bi) — Y^j=i+i a j for i € {!,... ,n — 2}. Observe also that f{x, 0) = x A with 
A = £* =1 Jftj- Hence q(B x ) <...< q{B n _ x ) < A. 

The derivative F' B .(z) has a root Z{ — —bi/(ai + bi). Clearly F Bi {zi) ^ 0. By 
there exists % 6 Zer ^(x,y) of the form Ji(x) = ZiX 1 + • • • . By 
f(x,ji(x)) = F Bi ( Zi )x«W + ■■■ . 



Lemma 
Lemma 



2.4 



2.3 



Let .ff(t) — f( e 't) f° r sufficiently small e > 0. Then 7i(e) are critical points of 
and /(e, 7i(e)) are critical values of H for i g {1, . . . ,n — 1}. For sufficiently 
small e > we have |/(e, Tl (e))| > ... > |/(e, 7n _ 1 (e))| > |/(e,0)| = \H(0)\. 
This finishes the proof. ■ 

Corollary 5.2 Let H(t) be a complex polynomial of the form 

ff(t)=f-°IJ(t-d i ) 0, ) (16) 

where aj are positive integers for j € {0, 1, ... , n}. Then for some d\,. . . , d n 
the polynomial H{t) has n pairwise different nonzero critical values. 

Proof. Consider the polynomial Hi(t) = \~]^- (t ~ e j) aj where ej are generic 



coefficients. By Lemma 5.1 we may assume that H±(t) has n pairwise different 
nonzero critical values. We finish by putting H(t) = Hi(t + eo) and dj = ej — eo 
for j € {1, . . . ,n}. m 

In the next lemma we change the notation slightly. Notice that the polyno- 
mial Fb{z) and the exponent q(B) in Lemma |2.3| depend not only on B but 
also on the power series f(x, y). We write Fbj(z) for the polynomial and q(B, f) 
for the exponent to stress this dependence. 

Lemma 5.3 Let f{x,y) be a reduced power series such that /(0, y) 7^ 0. Fix 
B G T{f). Let N be the index of Xb and write h{B) = with m, n coprime. 
Assume that Fbj(z) — Cz a ° Jlj=i( z " ~ dj) aj , where dj are pairwise different 
nonzero complex numbers and aj are positive integers for j € {1, . . . ,s}. 
Then for every sequence of pairwise different nonzero complex numbers d\ , . . . , 
d s there exists a reduced power series f(x,y) such that B g T(f), q(B,f) — 
q(B, f) and F B j(z) = Cz a ° ^=1(2" - 4*)°' ■ 

Proof. Let / = fx • • • f r be the decomposition of f(x, y) into irreducible factors. 
Without loss of generality we may assume that Zer /; n B ^ for i £ {1, . . . , k} 
and Zer /j n B = for i € {k + 1, . . . , r}. For every i € {1, . . . , fc} choose a 
Newton-Puiseux root of /j of the form en(x) = Xb(x) + CiX h ( B ' > + • • • . Let 



C = {c™ : !6{1,..., k}}. Then it follows from Formula 3.6 that C \ {0} = 
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{d U ...,d s }, a = ^Ei: Ci =0 ord /i(°^) and a 3 = m T,i:c»=d } 0Td fi( Q >V) for 

j = l,..., a. 

For every i 6 {1, . . . , k} take the fractional power series 

&i(x) = oti(x) + (cj - c I )a;' l(B) = A B (x) + Qi ft(B) + • • ■ 

where c\ = if Cj = and c™ = dj if c™ = dj . Set / = a/i • • • fkfk+i ' " /n where 
/i(x, y) are irreducible power series such that a, € Zer /j for i £ {1, . . . , k} and 
a is a constant which will be specified later. Clearly B is an element of T(f). 
Now let us compute F B j. One has ord/j(0, y) — ord/,(0,y) for i — 1, ...,k 
since a, (x) and a; (x) have the same index. By the first part of the proof it is 
clear that F B Az) — Cz a " Ylj=i ( z ™ ~ dj) aj ■ By a suitable choice of the complex 
number a we get C = C. 

It remains to prove that q(B, f) — q(B, /). Let j(x) — Xb(x) + cx h< - B "> where c 
is a generic constant. Then q(B,f) — ord/(x,7(x)) = J2l=i ord fi{ x -> li x )) an d 
an analogous formula holds for q(B, /). 

Fix i € {1, ...,&}. For generic c we have cont(7, Zer /j) = cont(7, Zer /j) = 
Since the Puiseux characteristics of both irreducible power series are the 
same, we get ord/j(x, ~y(x)) — ord/j(x, 7(x)) (see for example [Me] . Proposition 
2.4 for the transverse case and |Gwo-Plj . Proposition 3.3 for the general case). 
■ 

Remark. One can show that the power series f(x,y) constructed in the proof 



of Lemma 5.3 has the same equisingularity type as f(x, y). 



We introduce a new polynomial Hs{t) associated with B € T(f) whose critical 
values provide for a polynomial factorization of inj\fDj^(u, v). 



Lemma 5.4 Fix B e T(f). Let N be the index of X B . Write h(B) = ^ 
and q(B) = jj- where gcd(m,n) = gcd(L, M) = 1. Then there exists a unique 
polynomial Hs(t) such that Hb{z u ) = Fb(z) m . 



Proof. Assume that all Newton-Puiseux roots of f(x,y) and |^(x, y) belong 

to C{x 1 / D } for some positive integer D. We use the properties of the conjugate 
action introduced in Section [3 } On e easily checks that 9 * B = B for 9 g U o/n 
(see the proof of Propositionf3 . 8| . Set D = D$nN and take 9 G Vdjn such 



that ui :— 9 D ° is an n-th primitive root of unity. By Proposition 3.2 we get 
0i( B ) D F B (z) = F B {9 h{ - B ^ D z). Hence F B {z) M = F B {uj m z) M . Comparing the 
terms of both sides we see that all monomials appearing in the polynomial 
Fb{z) m are powers of z n . ■ 

Proposition 5.5 Let f(x,y) = be a reduced curve. Fix B E T(f). Let 

N be the index of X B . Write h(B) = -r^ and q(B) = -h where gcd(m,n) = 
gcd(L,M) = l. Let H' B {t) = C(t — t\) ■ ■ ■ (t — t r ). Setw o = H B (0), w t = H B (U) 
and I = {i € {1, . . . , r} : Wi ^ 0}. Then 
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m^(u, v) = (v M Wo u L )^ N / M l[(v M - Wl u L T N ' M if w Q jL 0. (17) 

iei 

m^(u, v) = J[(v M - Wl u L r N ' M if w Q = 0. (18) 



iei 



Moreover ^lUty and (18) give a polynomial factorization o/ in/v2>g (it, v). 
Proof. 



The above formulas follow from Proposition 3.8 and the equality MFg (z) F' B (z) 
= nz 71 ^ 1 H' g (z n ) which allows to express critical values of Fb in terms of critical 
values of Hb- 



Using Lemma 5.3 we can replace f(x, y) by such a power series /(a;, y) that con- 



clusions of Lemma 5.1 or Corollary 5.2 for H(t) = Hs(t), are satisfied. Then 



{ w i}ie/u{o} is a sequence of pairwisc different complex numbers. The polyno- 
mials v — WiU L are irreducible and pairwise coprime. Hence the exponents 



(n - 1)N/M, nN/M in (17) or nN/M in (18) are integers 



Theorem 5.6 Let f(x,y) = be a reduced curve and let B e T(f). Let N 

™ d 1(B) = W 



be the index of Xb- Write h(B) = and q(B) = 4j where gcd(m,n) 



gcd(L,M) = 1. 

1. If Hb(J-) has only one root (possibly multiple), then T>^(u,v) is non- 
degenerate if and only if (n — 1)N = M . 

2. Otherwise T>^(u, v) is non- degenerate if and only if nN — M and all 
nonzero critical values of Hs(t) are simple. 

Proof. 

Assume that Hs(t) has only one root. By Proposition 5.5 inv2>g(u, v) = (v M — 



Wou L )( n 1 ) N / M _ This polynomial is non-degenerate if and only if (re— l)iV = M. 
Suppose that -ffs(t) has at least two different roots. Assume that Wq = 0. Then 



( 18 ) is a reduced polynomial if and only if nN — M and all nonzero critical 



values of Hg(t) are simple. Assume now that w =/= 0. Then the polynomial 



(17) is reduced if and only if nN/M = 1 and (Wj)j 6 j is a sequence of pairwise 
different complex numbers. In this case the only difficulty arrives from the term 
(v M - w a u L Y n ^^ N ^ M but the exponents nN/M and (re - l)N/M are integers, 
so the condition nN/M = 1 implies (re — l)N/M = 0. ■ 

We finish this section with another example of a multibranched curve / = 
such that the discriminant of the morphism (x, f) is non-degenerate. For the 
construction we use the Eggers tree whose construction we now recall. We 
assume that x — and / = are transverse. Recall that E(f) is the set of all 
conjugate classes of B for B E T(f). An clement of E(f) is uniquely determined 
by its height h(B) := h(B) and the set of irreducible factors /, of / such that 
Zer/i n B (see |Kuo-Paj . Section 6). The tree structure on T(f) induces 
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a tree structure on E(f) U { fo, . . . , fk }■ This newly constructed tree is called 
the Eggers tree of / ( |Eg| , see also |GB| ). In Eggers' terminology the vertices 
from E{f) are called black points and those from { fa, ■ . ■ , fk} are called white 
points. The Eggers tree is an oriented tree where the root is the black point 
of the minimal height and the leaves are the white points. The outdegree of a 
vertex Q is the number of edges joining Q with its successors. 



Remark 5.7 The first part in Theorem 5.6 corresponds to simple points (i.e. 
vertices of outdegree 1) in the Eggers tree. The second part corresponds to 
bifurcation points ( vertices of outdegree greater than 1) in the Eggers tree. The 
number of irreducible factors of Hs(t) is egual to the outdegree of the vertex B. 

Example 5.8 Set no = 1 and let ni, . . . , n k be pairwise coprime integers bigger 
than 1. We construct a singular power series / = /o/i • • • where are 
irreducible power series, ord fi(0, y) = n ■ ■ ■ ni for i £ {0, ... , fc}, and such that 
the discriminant of the morphism (x, /) is non-degenerate. 

Let hi = 1 + ~ H + ~ for i £ {1, . . . , fc}. We claim that hi can be written 

as n ^. n . , with bi and rif-rii coprime. The proof runs by induction on i. 
For i = 1 we have hi = ra ^ + . Assume that gcd(6i, m • • • = 1. By equality 

n^n'+i = ST^7 + ^T we S et b i+i = bin i+1 +m ■ ■ -n % . Thus gcd(6 i+ i, n i+1 ) = 
gcd(ni • • -ni,n i+1 ) = 1, gcd(& i+ i, n\ ■ ■ ■ Ui) = gcd(6 l n i+ i, n x ■ ■ ■ rij) = 1 and 
consequently we get gcd(&i+i, n\ ■ ■ ■ n^+i) = 1. 



Let 



a (x) = 0, 
ai(j;) = x hl , 
a 2 (x) = x hl +x h2 



a k (x) = x hl + x h2 + ■ ■ ■ + x hk . 



We consider / = /o/i • • ■ /fc where are irreducible power series such that 
oti G Zer By Property 3.1 the order of /i(0, y) is no • • • ni for i £ {0, . . . , fc}. 
Let Bi = B(ai-!, 



,hi) for i £ {1,.. 
Eggers tree of / is drawn below. 



,fc}. Then E{f) 



■ ni_ 
{B u 



,B k }. The 



{fo} {/]} {/ 2 } ... {fk-iHf h ) 
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Since Ab^x) = aj_i(x) we have, with the notations of Formula 3.6 N — 
no ■ ■ ■ Ui—i and n = n;. Hence 

k 

o- C Af i _ 1 {0,y) ord/ (0,y) 

F fl4 (a:) =C{z n -0) s» J| (z"-l) = Cz(z"' - 1) A ', (19) 

J=i— 1 

where Aj is a positive integer. 

Now we show that q{Bi) could be written as with and nN coprime. Since 
h(Bi) = -Hr with bi and nN coprime, it is enough to prove by induction on i 



that for i G {1, . . . , k} the difference g(-Bj) — h{Bi) is an integer. By Lemma 2.6 



and (19) we get g(fli) = |j(Zer/)/i(Bi) = degf B i(*)M B i) = (l + MilM^i)- 



Hence q(Bi) — h(Bi) = b\A\. Now, again by (|i9| and Lemma 2.6 we get 



q( B i+i) - q{Bi) = (1 + ?i. i+:L A l+1 )^ = ^ + A i+1 . Thus by the inductive 
hypothesis q(B l+1 ) - h{B l+1 ) = 9 (B 4 ) + ^ +A i+1 -h{B t+1 ) = g(B 4 ) - + 
Ai+i is an integer. 

The only roots of HBi(t) are and 1. Therefore this polynomial has a unique 
nonzero critical value Wi. By equality niV = Mj and Proposition |5.5| we get 
in// Z>g (u, v) = v Li — WiU Mi . 

The polynomials uif^T>g (u,v), for 1 < i < fc, are irreducible and pairwise 
coprime. Hence the discriminant -D(it, v) = 2?g (u, u) • • ■ (u, u) of the mor- 
phism (x, f) is non-degenerate. 



6 Stability of the discriminant's initial Newton 
polynomial 

To simplify subsequent statements we say that the power series H\{u, v), H2(u, v) 
are equal up to rescaling variables if there exist nonzero constants A, B, C such 
that Hi(u,v) = CH2(Au, Bv). The Kouchnirenko non-degeneracy of a power 
series in two variables does not depend on rescaling variables. 

Lemma 6.1 Let D(u,v) be the discriminant of the morphism (f,g). Then for 
any nonzero constants A, B the discriminant curve of the morphism (Af, Bg) 
admits the equation T>(u/A,v/B) = 0. 

Proof. Let u — Au' , v — Bv' . As (u, v) = (Af(x,y),Bg(x,y)) then (u',v') = 
(f(x,y),g(x,y)). Hence, the discriminant curve of the morphism (Af,Bg) ad- 
mits the equation D(u',v') = which gives the lemma. ■ 

Theorem 6.2 Let f = be a reduced singular curve and let £ = be a smooth 
curve which is not a branch of f = 0. Then for every invertible power series 
ui(x,y) € C{x,y} the initial Newton polynomials of the discriminants of (£, f) 
and (£,uif) are equal up to rescaling variables. 



18 



Proof. An analytic change of coordinates does not affect the equation of the 



discriminant. Hence, we may assume that l(x,y) — x. By Lemma 6.1 we may 



also assume that ui(0, 0) — 1. Since / and u\f have the same Newton-Puiscux 
roots, their tree models coincide. Let B £ T(f). Applying Lemma 2.3 to / and 



Uif we show that F B j(z) = F B<Ul f(z) and q(B, f) = q{B, Uif). By Lemma 3.7 



the initial Newton polynomial of the discriminant depends only on Fb(z) and 



q{B) for pseudo-balls B from the tree model. This proves Theorem 6.2 



In what follows we need a few auxiliary results about fractional power series. 

Consider the fractional power series 4>{x) = x+ ■ ■ ■ = x(l + <pi{x)) and ip{. x ) = 
^(x 1 /™), where tp(t) is a convergent power series. We define the formal sub- 
stitution ip{<f){x)) as the fractional power series ^(rr 1 /™ ^/l + </>i(a;)), where 
\/l + z :— 1 + - z + • • • is an analytic branch of the n-th complex root of 1 + z. 



Lemma 6.3 Let 



N-l 

fe /« 4- r-r N / n 



cti(x) = x+ akX'~'" + CiX 

k=n+l 

Pi(y) = y+ E b *y k/n + d *y N/n + ■ ■ ■ 

k=n+l 

for i = 1, 2. If f3 1 (a 1 (x)) = f32(a 2 (x)) then c\ — c 2 — d 2 - di . 
Proof. Write \{y) = Ek=n+i b ky k/n ■ Then 

= Pi{ai{x)) - p 2 (a 2 {x)) 

= [ ai (x) - a 2 (x)} + [\{ai(x)) - X(a 2 (x))} + [d^x))^ - d 2 {a 2 (x)) N ' n ] 

= [(d - c 2 )x N ' n +•••] + [{di - d 2 )x N ' n +•••] + [X( ai (x)) - \(a 2 (x))} 

= [(ci - c 2 + dx - d 2 )x N ' n +•••] + [\{ai{x)) - X(a 2 (x))}. 

To finish the proof it suffices to show that the fractional power series A(ai(ir)) — 
X(a 2 (x)) does not contain the term of order N/n. This task reduces to 

Claim. For every k > n the order of (ai{x)) k / n — (a 2 (x)) k / n is bigger than 
N/n. 

Proof of the Claim. For every convergent power series g(z) £ C{z} there 
exists G(z, w) £ C{z, w} such that g{z) — g(w) = (z — w)G(z, w). 

Let ai(x) = x(l+cti(x)) for i = 1,2. Using the above equality for g{z) = v 1 + z 
we get ( ai (x)) k / n - {a 2 {x)) k ' n = x k ' n (( ^1 + & 1 {x)) k - (^/l + a 2 (x)) k ) = 
x k / n (a 1 {x) - & 2 {x))G{a 1 {x) 1 a 2 (x)) = x^-^^ia^x) - a 2 (x))G(ai(x), a 2 {x)) 
which proves the Claim. ■ 

Lemma 6.4 Let f(x, y) = {y — x) n + • • • be an irreducible complex power series. 
Then for every Newton-Puiseux root y = a(x) of f(x, y) there exists a Newton- 
Puiseux root x = fl(y) of f(x,y) such that /3(a(x)) = x. 
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Proof. Let y = a(x) be a Newton-Puiseux root of f(x,y). Then by the 
Newton-Puiseux theorem there exists an analytic parametrization (x, y) — 
(t n ,(j)(t)) of the curve germ f(x,y) = such that a(x) — ^(x 1 /™). Since y = x 
is tangent to f(x,y) = we have <f>(t) = + <pi(t)), where </>i(0) = 0. 

By the Newton-Puiseux theorem there exists an analytic parametrization of 
f(x,y) = of the form (x,y) — (tp(s),s n ). Take (xo,Vo) in the image of both 
parametrizations. We have (x ,yo) = , <j>(to)) — (iP(sq) 7 Sq) for some t ,s € 
C. Since (xq, yo) can be choosen arbitrary close to the origin, to is also close to 
the origin and we may assume that |</>i(i)| < 1 for \t\ < \to\ . 

We may write s — 9t yl + ^fiito), where 9 is a fixed n-th root of unity. 
As (x,y) — (t n ,(f>(t)) and (x,y) — (ip(s),s n ) are analytic parametrizations of 
f{x, y) = we get t n = ip(6t y/l + <j>i(t)) for t close to t . Since both sides of 
this equality are power series of positive radius of convergence it holds for all t 
close to the origin. 

Let P{y) = ^(fly 1 /™). Then x = P{y) is a Newton-Puiseux root of f(x,y) and 
x = f3(a(x)). m 



Remark 6.5 By Lemma 6.4 for every fractional power series y = a(x) = x+- 



there exists a fractional power series x — (3(y) such that fi{a(x)) — x. We call 



x — (3(y) a formal inverse of y = a[x). By Lemma 6.3 a formal inverse is 
unique. One can also show that if x = /3(y) is the formal inverse of y = a(x) 
then y = a(x) is the formal inverse of x = j3[y). 

Theorem 6.6 Let f = be a unitangent reduced singular curve and let l\ = 0, 
£2 = be smooth curves transverse to f = 0. Then initial Newton polynomi- 
als of the discriminants of morphisms (£\,f), (£2, f) are equal up to rescaling 
variables. 



Proof. Assume that the curves £\ — 0, £2 — are transverse. Then there 
exists a system of local analytic coordinates (x,y) such that £i(x,y) = x and 
^2(5, y) = V- By assumption the curve / = has only one tangent y = cx, where 
c 7^ 0. In the new coordinates (x, y) — (cx, y) this tangent becomes y = x. 

Let g(x,y) be the Weierstrass polynomial of f(x,y) and g'(x,y) be the Weier- 
strass polynomial of f(—y,x). Then by Lemma 6.1 and Theorem 6.2 the initial 



Newton polynomials of the discriminants of the morphisms {£\, /) and [x, g) are 
equal up to rescaling variables. The same applies to the morphisms (£2, f) and 

MY 



{ax(x), 



Ax)Y 



Let Pi(y) be the formal inverse of oii(x) for 
■pi(x) are Newton- 
a (oti(x) - otj(x)) = 



Write Zer g 

i = l,...,p. It follows from Lemma 6.4 that a'^x) = 
Puiseux roots of g'(x,y) for i = 1, ... ,p. By Lemma 6.3 
in (a'^x) — a'j(x)) for 1 < i < j < p, where in0 denote the term of lowest order 
of (f>. In particular a[{x) ^ ct'j(x) for i 7^ j. We get Zer g' = {a[(x), . . . , a' p (x)}. 

The mapping B(a,i, 0{oti, ctj)) h-> B{a[, 0(a^, a'-)) gives a one-to-one correspon- 
dence between pseudo-balls of tree models T(g) and T(g'). Moreover, for every 
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B £ T(g) and the corresponding B' £ T(g') there exists a constant as such 
that 1cb'(oQ = lcs(aj) + as for a,; e £?, a- e £?'. 

Following the proof of Lemma 3.3 in |Gwo2j for any ctj £ B we have 
Cx q{B ^ = J[ m(a 3 (x)-a l (x)) J[ y h ^ B) 



i-.a^B i-.ctiSiB 



and 



i-.a'-EB' 



where F B , g (z) = C*n i:Q , e s( z - lc s(^)) and F B \ g >{z) = C Ili:a^B'( 2 - lc B'K)) 



Hence we get Fs, g {z) — FB>, g '{z + as) and q(B,g) — q(B / ,g'). By Lemma 3.7 



the initial Newton polynomial of the discriminant depends only on the critical 



values of Fb(z) and on q(B) for B from the tree model. This proves Theorem 6.6 
in transverse case. 



To prove Theorem 6.6 in the case when i\ = and I2 — are tangent it is enough 
to take a smooth curve ^3 = which is transverse to l\lnf = and apply the 
previously proved part to pairs of morphisms (£\, /), (£3, /) and (£ 3 , /), (£ 2 , /)• 



Example 6.7 Let f = (y 2 — x 2 ) 2 +2x 4 . The discriminant of(x,f) is degenerate 
while the discriminant of (x + y, /) is non- degenerate. The second discriminant 
can be easily computed after the change of variables x = x' — y' , y = y 1 . 
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